We study moduli stabilisation in four-dimensional N = 1 supergravity theories which originate from compactifications of the heterotic string on certain manifolds with SU(3) structure. These theories have a non-trivial superpotential generated from geometric flux and, in general, D-terms associated to anomalous U(1) symmetries. We show that, at the perturbative level, there are no supersymmetry preserving vacua. However, subject to a certain technical condition on the D-terms, we find, at the perturbative level, analytic stable AdS vacua which break supersymmetry. As a result, all T-moduli and the dilaton are stabilised perturbatively with supersymmetry broken at a high scale. We also show numerically that similar vacua can be found when the technical condition on the D-term is relaxed. These vacua persist in the presence of non-perturbative effects. In all cases, the vacua remain AdS.
Introduction
The heterotic string compactifed on Calabi-Yau manifolds [1] has long been a promising avenue towards realistic particle physics from string theory and, more recently, systematic model building tools have been developed and used to construct sizeable sets of heterotic standard models [2] [3] [4] [5] [6] [7] [8] [9] .
Moduli stabilisation and supersymmetry breaking in the heterotic string has been somewhat more problematic, particularly in comparison with IIB string theory. One reason is the absence of RR fluxes in the heterotic string which implies less flexibility for stabilising moduli through flux. Recently, it has been shown that the heterotic E 8 × E 8 gauge flux can be used to fill this gap and stabilise many, possibly all, of the complex structure moduli and all but one of the dilation and the Kähler moduli [10] [11] [12] [13] [14] [15] [16] . Nevertheless, heterotic (as indeed IIB) moduli stabilization has, traditionally, required the inclusion of non-perturbative effects, either from string instantons or gaugino condensation. This appears to remain true even when E 8 × E 8 gauge flux is used in the context of heterotic Calabi-Yau compactifications.
In the present paper, we are taking a different approach to heterotic moduli stabilisation by focusing on perturbative stabilisation of all geometric moduli. This will be done in the context of the heterotic string on certain manifolds with SU(3) structure, more specifically half-flat mirror manifolds [17] [18] [19] . Mirror symmetry suggest the existence of a large class of such manifolds although relatively few examples, including a number of homogeneous coset spaces, are known explicitly [13, [20] [21] [22] [23] [24] [25] [26] .
For such compactifications, the geometric flux leads to a perturbative superpotential for the T -moduli. We show that, for this superpotential, supersymmetric vacua do not exist at a finite value of the dilaton. Further, by adding D-terms associated to anomalous U(1) symmetries, we find non-supersymmetric AdS vacua, with all T -moduli and the dilation stabilised in a purely perturbative fashion. (The analogue of complex structure moduli are absent in at least some of the models but, if present, can be stabilised by additional NS flux.) For appropriate parameter choices, these vacua are consistent in the sense of leading to weak coupling, large volume and a relatively small negative cosmological constant. Remarkably, for a certain structure of the D-terms which we refer to as "aligned", these vacua can be found analytically. For more general, non-aligned D-terms we can show numerically, by deformations starting from the aligned case, that these non-supersymmetric AdS vacua persist. Related work on non-supersymmetric string vacua can, for example, be found in Refs. [25, [27] [28] [29] [30] .
The vacua we find in this way are stable in the conventional sense, that is, they have a positive definite mass matrix rather than merely satisfying the BreitenlohnerFreedman condition [31] . It is, therefore, conceivable that they can be lifted to stable dS vacua. We have investigated possible uplift mechanisms, namely the deformation of the D-terms away from alignment and the addition of perturbative and nonperturbative effect. Unfortunately, we have not been able to find dS vacua with any of these methods.
Our vacua break supersymmetry perturbatively and, given the absence of small exponential factors as would arise from non-perturbative effects, the scale of this breaking is high and close to the string scale. Hence, models based on this type of breaking do not have low-energy supersymmetry and, at present, it is not clear to us how the hierarchy problem might be addressed in a meaningful way. However, such models with a high scale of supersymmetry breaking may come to be seen as a viable option if low-energy supersymmetry is not found experimentally.
The paper is organized as follows. In Section 2, we begin by describing the general class of models we are considering, laying out some technical details and discussing an illustrative example as we go along. Section 3 presents the general analytic non-supersymmetric AdS vacuum for these models. An explicit example is presented in Section 4. The possibilities of lifting these solutions to dS space are discussed in Section 5 and we conclude in Section 6.
The model
Let us now introduce the relevant class of N = 1 supergravity models. These models arise as the low energy effective theory of heterotic compactifications on half-flat mirror manifolds of the kind studied, for example, in Refs. [13, 18-21, 23, 24, 32-37] . For simplicity, we will ignore the matter sector of this theory, and focus on the moduli, or gravitational sector. We also assume that the analogue of complex structure moduli have already been fixed either by bundle effects or NS flux or are absent as for half-flat coset models. We will, therefore, be focusing on the T -moduli and the dilaton S.
Basic set-up
As mentioned above, the relevant field content consists of the T -moduli T i and the dilation S which reside in chiral multiplets and whose scalar components are broken up into real and imaginary parts as
where i, j, · · · = 1, . . . , n. Here, τ i and σ are axions and t i are the geometric moduli. It is notationally useful to combine these fields into a single entity by defining T 0 = S, t 0 = s, τ 0 = σ and by writing
where I, J, · · · = 0, 1, . . . , n. In this way, for much of our general set-up, the dilaton and the T -moduli can be treated on the same footing. In this language, the Kähler potential can be written as
where κ is a quartic pre-potential and d IJKL are numbers whose only non-zero components are d 0ijk = d ijk and symmetric permutations thereof. The numbers d ijk are determined by the underlying half-flat manifold and can be thought of as the analogue of intersection numbers. We use the standard notation
for the derivatives of the pre-potential as well as
for the derivatives of the Kähler potential. It is also useful to introduce the "lower-index" fields
which satisfy t I t I = 1. Further, it follows that
The superpotential for this class of models is given by
where w and e I are real constants. In fact, e 0 = 0 since the superpotential needs to be dilaton-independent at the perturbative level. The remaining numbers e i encode the geometric flux of the underlying half-flat manifold. The constant w can result either from harmonic NS flux (in which case it should eventually be thought of as complex-structure dependent) or α ′ corrections induced by the heterotic Bianchi identity [13] .
In addition, we assume the existence of anomalous U(1) symmetries (which can originate from internal line bundles) under which the moduli transform non-linearly as for all a. The associated D-terms (assuming the absence of U(1) charged matter fields for simplicity) are given by
Finally, we require the gauge kinetic function which we write as
where (β I ) = (1, β i ) and γ 0 is the only non-zero component of γ I . For practical calculations later on we will neglect the corrections to this gauge kinetic function and simply use the leading expression f ab = Sδ ab .
The scalar potential
The F-terms for the above class of models are given by
The F-terms equations, F I = 0, can easily be solved and, provided w = 0, result in should be the case. In principle, this is a perfectly good supersymmetric anti-de Sitter vacuum. However, since we have set e 0 = 0 in order to have a dilaton-independent superpotential it follows that t 0 = 1/(4s) = 0 and, hence, that we are at zero coupling. We conclude that the above class of models does not have supersymmetric vacua for finite field values 1 . For the scalar potential we find
It is relatively easy to discuss the fate of the axions, τ I . Provided that at least one of the geometric fluxes e I is non-zero, which we assume, the above scalar potential is minimized in the axion directions iff
and, in this case, only the axion combination e I τ I is stabilized while the other axions remain flat directions. Some of these axions will be "eaten" by the U(1) gauge bosons which are massive. To see how this works consider the mass matrix
for these gauge bosons which follows from the kinetic terms of the τ I . If the rank of this matrix is maximal all U(1) gauge bosons are massive. In general, however, this does not need to be the case. Since the Kähler metric is positive definite, we have rk(M) = rk(C) heavy U(1) gauge bosons, where C is the matrix C = (c I a ). Hence, we start with n + 1 axions τ I , one of which is stabilized, rk(C) will are absorbed by the U(1) gauge bosons and n − rk(C) remain as flat directions. This number may be zero but even if it is not there is no real problem for moduli stabilization since axions have a compact field space and will, almost inevitably, be stabilized.
A simple example
In order to get a feel for the models, let us consider a very simple example with three fields, S = s + iσ, T = t + iτ and U = u + iν, a pre-potential
and a single U(1) symmetry under which T is invariant and S and U transform. The D-term has the structure
with real constants c and b. For the scalar potential we find
where, for simplicity, we have only considered the leading term, f = S, of the gauge kinetic function in the D-term part of the potential. A quick algebraic calculation using the Stringvacua package [38] shows that this potential has three stationary points. Two of these arise at unphysical field values and the third is given by
The two other axions, σ and ν, remain flat directions but one combination of these fields is absorbed by the U(1) vector boson. In order for all field values to be positive we have to require that bc > 0 and we > 0. Furthermore, all field values should be large compared to one so that the model is at weak coupling and the supergravity approximation is valid. This can clearly be achieved for suitable choices of the parameters. We define the two constants
which are both positive provided the aforementioned condition bc > 0 is satisfied. In terms of these constants, the Hessian can be written as 
where the ordering of fields is (s, t, u, σ, τ, ν). Obviously, there are two zero eigenvalues, corresponding to the axions σ and τ , two eigenvalues with size k and two further eigenvalues kr 2bc
For bc > 0 these eigenvalues are positive so we have a minimum. The cosmological constant
8bc 3 . is always negative while the F-terms at the minimum are given by
so that supersymmetry is broken. Hence, we have found a perturbative, non supersymmetric AdS vacuum. As the above expression shows, F S and F U can be made small by a suitable hierarchy of values for the moduli. However, F T = −e is more problematic. From a supergravity point of view the parameter e can, of course, chosen to be small. However, in a string context, e corresponds to the intrinsic torsion of the compactification manifold and is quantised. Therefore, separation of scales between the fundamental and the supersymmetry breaking scales is difficult to achieve in this model. Our general analysis later on shows that this is not a general property of our class but that separation of scales is possible in some cases.
General analytic minimum
Does the vacuum for the simple three-field model we have just found represent a special case which arises for a small number of fields or does it indicate a property of the entire class of models? Commutative algebra and numerical methods quickly run into the ground for a larger number of fields, so in order to answer this question we should search for a general analytical solution. A starting point is suggested by the structure of the supersymmetric vacuum (2.10) which led to lower-index fields t I being proportional to the geometric flux parameters e I . This failed to provide a vacuum for a finite dilaton value since e 0 = 0 implies t 0 = 1/(4s) = 0. The obvious course of action is to slightly weaken this Ansatz and demand that only the T -moduli satisfy
where α is a constant to be determined, while the dilation s remains arbitrary for now.
Some useful very special geometry relations
Before we explore the implications of this Ansatz it is useful to collect a few very special geometry results for the cubic pre-potential K which is defined by
where we recall that κ is the quartic pre-potential introduced in Eq. (2.3). As usual, we denote the derivatives of K by
With this notation, the first derivative of the Kähler potential K = − ln κ and the Kähler metric can be written as
3)
The lower-index fields t I = K IJ t J , explicitly given by
then satisfy the useful relations
It will also be convenient to introduce the notation
for the p th derivatives of the Kähler potential. These tensors are obviously completely symmetric and indices will be lowered and raised by the Kähler metric K ij and its inverse. These tensors satisfy a number of relations which include
The scalar potential
We now come back to our supergravity theory and recall that the superpotential is given by
For the F-and D-terms we find
while the scalar potential is given by
Here we have already set e i τ i = 0 for the minimum in the axion directions and, for simplicity, we have also used the lowest order gauge kinetic function f = S in the D-term potential. For the various derivatives of the scalar potential we find
The vacua
After this preparation, we are now ready to come back to the Ansatz (3.1) which we write as
where α is a real constant to be fixed later. Note, that Eq. (3.17) represents a set of, generally complicated, algebraic equations for the actual fields t i with upper indices which can be explicitly solved for any given model once the "intersection numbers" d ijk are known. The dilaton value will be determined later. Let us first evaluate the potential and its first derivates for the Ansatz (3.17). All quantities evaluated for the field values fixed by Eq. (3.17) are denoted by a subscript 0. We find
There are two features of this result which are remarkable. First, the derivatives of the D-term simplify considerably by virtue of the condition c ak t k = αc ak e k = 0 which follows from gauge invariance of the superpotential. Secondly, for our Ansatz the derivatives ∂V F /∂t i become proportional to the geometric fluxes e i and, therefore, effectively reduce to one equation. One obvious problem is that the derivatives ∂V D /∂t i of the D-term potential have a different, more complicated structure and, in particular, are not proportional to e i . However, as we will now show, for our Ansatz to work, the t i derivatives of V F and V D have to vanish independently. To see this contract both Eq. (3.22) and (3.23) with t i = αK ij e j . From the gauge invariance condition (2.6) it follows that
and, therefore, for a stationary point of V we require that
Since the Kähler metric K ij is positive definite this can only be satisfied provided We will refer to D-terms satisfying this equation as "aligned" and for now we assume this property. Then, there is a stationary point of V with 
Here, K 0 is the cubic pre-potential evaluated on the above solution for the moduli t i . Of course, there are some restrictions on the moduli t i which must reside in the "Kähler" cone of the underlying manifold. The low-energy test for this is that K 0 > 0 (so that the internal volume is positive) and that the Kähler metric K ij | 0 is positive definite (so that the kinetic terms are well-defined). The fluxes e i and w have to be chosen such that this is indeed the case, but there is no general reason why this should not be possible. However, it is clear that the moduli t i can only be in the Kähler cone for at most one of the two cases in Eq. (3.29), depending on the signs of w and e i . We will discuss an explicit example later on and show that there is no general obstruction to a consistent choice of parameters. Provided such a choice has been made, both values for v are positive and, hence, the dilaton equation in (3.28) leads to a physically sensible value for the dilaton. The potential value at this solution
is always negative. We should also discuss if weak coupling and large radii can be achieved by suitable parameter choices. If we denote a typical geometric flux by e and a typical t i modulus by t then we have the following rough scaling relations:
This shows that weak coupling and large volume can indeed be arranged, the latter of course being essential for the validity of the supergravity approximation. Moreover, provided s and t are large the absolute value of the cosmological constant is suppressed and somewhat below the fundamental scale.
Stability
Crucially, of course, stability has to be checked for this solution and this leads to a somewhat tedious calculation of the second derivatives of V . However, this calculation can be much simplified by using the very special geometry relations listed previously. We find
where
First of all, we note that the Hesse matrix does not mix the dilaton and the t moduli. Inserting the dilaton solution from Eq. (3.28) we find
so that the dilation is stable. Combining the above results, and introducing the notation C = (c ak ), G = (K ij ), t = (t i ) and s = (t i ) we find in the t directions
for any vector v = (v i ). Note that the last term is positive and the signs of the other two terms are given by the signs of A and B, respectively. Inserting the solutions (3.29) for α into the definition (3.33) of A and B we find
case 2 (3.36)
Hence, in case 1 the Hesse matrix is always positive definite and we have a stable AdS vacuum. Case 2 this is not quite so straightforward since A is negative. However, the numerical values are such that it seems likely the second and third term in (3.35) which are positive will overcome the negative contribution of the first term. Also, the last term in (3.35) depends on C = (c ak ) which does not enter the solution anywhere else, so by increasing its value it should be possible to obtain a positive definite Hesse matrix. To be sure, this has to be explicitly checked and we will do this for our simple example below which indeed leads to a stable vacuum for both cases.
Finally, we should discuss supersymmetry breaking for our vacua. For our vacua we find
37)
case 2 (3.38)
Evidently, these patterns are very different for the two cases. In case 1, F-term supersymmetry breaking arises only in the dilaton direction and all non-zero terms are proportional to 1/s. Hence, in this case the supersymmetry breaking scale can be below the fundamental scale, a consistency condition for starting with a supersymmetric field theory in the first place. In case 2, on the other hand, all F-terms are non-zero and the F-terms in the T -directions are proportional to e i . In a string theory context, these quantities are quantised and a supersymmetry breaking scale below the fundamental scale seems difficult to achieve.
In summary, we have found generic, non-supersymmetric AdS vacua at weak coupling and sufficiently large volume for our class of models. These arise in two cases, depending on the signs of the superpotential parameters. In the first case, these vacua are guaranteed to be minima and the supersymmetry breaking scale and the fundamental scale can be separated. In the second case, it is likely that minima can be achieved for suitable parameter choices but scale separation seems difficult to realise.
An example with aligned D-terms
For illustration and to show that all constraints can indeed be satisfied let us discuss a very simple model with aligned D-terms. Consider the simple field content (T I ) = (S, T, U) with S = s + σ, T = t + iτ and U = u + iν and a Kähler potential
as before. This means the lower index fields are given by
We use a flux vector e = (0, e, ǫ) so that the superpotential reads 
The scalar potential V = V F + V D is then given by Note the requirement on the sign of ǫ/w in order to ensure that v is positive, so that the value of the dilaton is real. It can be checked by direct calculation that the derivatives of the potential (4.1) indeed vanish for those field values. The value of the volume at the minimum is given by For the correct choice of the sign of ǫ/w, as above, the volume is indeed positive and the Kähler metric is positive definite for both cases. The Hesse matrix is somewhat more complicated but again turns out to be positive definite in both cases for the right sign of ǫ/w.
Searching for a dS vacua
In this section, we would like to discuss generalisations and extensions and, in particular, address the problem of lifting the AdS vacua we have found to dS vacua. In principle, a number of possibilities come to mind. These include the deformation of the D-terms away from the aligned configuration, the addition of radiative corrections to the scalar potential and non-perturbative effects.
It is useful to begin with a general discussion of the dilaton effective potential. After integrating out the T -moduli this potential has the general form
where the first term results from the F-term potential and the second and third term from the D-terms. It is straightforward to show that a potential of this general form only has stable dS vacua if C 1 > 0, C 2 < 0 and C 3 > 0. If any of these conditions is violated the stationary points are either AdS or unstable. As can be seen from Eqs. (3.18) and (3.19) , the analytic vacuum leads to C 1 = −v < 0 and C 2 = 0 which violates the above conditions for a dS vacuum. It seems difficult to change the sign of C 1 , the coefficient of the term with the lowest suppression by inverse powers of s, using a small correction and this points to the main source of the problem.
We begin with de-aligning the D-terms. This has to be done in the context of a specific case and we consider the example presented in the previous section. For this model, we modify the second D-term to
where δ is a real parameter and δ = 1 corresponds to the aligned case. All other features of the model are kept unchanged. Starting with the analytic vacuum available for δ = 1, we can now gradually change δ away from 1 and minimise the potential numerically at each step. In this way we find that AdS minima exist for up to order one changes of δ. This works starting from vacua for both case 1 and case 2. Hence, the existence of AdS minima is not an artefact of aligned D-terms but persists more generally, although analytic solutions are hard to find if the D-terms are not aligned. However, we have not been able to lift the AdS vacua to dS ones in this way -the cosmological constant remains negative when the D-terms are de-aligned.
Another option is to consider perturbative quantum corrections to the above theory. The one-loop corrections to a four-dimensional N = 1 supergravity theory have been worked out in Refs. [39] [40] [41] [42] , and turn out to be rather complicated. Indeed, including the full one-loop correction will generate terms in the scalar potential up to O(s −10 ). However, for phenomenological reasons we are interested in a vacuum with weak coupling, where s ≫ 1. We therefore focus on the corrections to the C i , where i ≤ 3 assuming that the higher order corrections can be neglected. Unfortunately, the first order quantum corrections still appear to give the wrong sign for C 2 , and a search for dS vacua induced by the one-look corrected effective potential has so far been unsuccessful.
Finally, we might consider non-perturbative corrections by modifying the superpotential to W = w + e I T I + k e −p I T I ,
while keeping all other features of the model unchanged. Of course, the combination p I T I has to be invariant under the U(1) symmetries, so p I c I a = 0 for all a. It is worth mentioning that for a purely dilaton-dependent non-perturbative term, that is, p I T I = pS (should this be gauge invariant) an analytic solution can still be found by the same Ansatz t i = αe i , although the equations for α and the dilaton are now more complicated. A detailed analysis of this case shows that the AdS vacua persist and remains stable in the presence of the non-perturbative term but they cannot be lifted to dS vacua.
In summary, while the existence of AdS vacua is fairly robust it seems difficult to lift these to dS vacua.
Conclusion
In this paper we have studied four-dimensional N = 1 supergravity theories which arise in heterotic compactifications on half-flat manifolds. These models give rise to a superpotential linear in the Kähler moduli. In addition, anomalous U(1) symmetries induced from internal split bundles can lead to dilaton and T -moduli dependent Dterms. For this class of models, plus an additional technical condition of "aligned" D-terms, we have found analytic, supersymmetry breaking AdS minima. For suitable parameter choices, these minima are at weak coupling, at sufficiently large radii for the supergravity approximation to be valid and with the scale of supersymmetry breaking separated from the fundamental scale. Given that complex structure moduli may be absent in some cases or else be stabilised by NS flux these minima stabilise all geometric moduli of heterotic compactifications perturbatively. We have also verified, in the context of a specific example, that these minima are robust under deformations of the D-terms away from the aligned configuration.
Since these minima are purely perturbative there are no exponential factors which might lead to a small supersymmetry breaking scale. Although the supersymmetry breaking scale can be suppressed, relative to the fundamental scale, it is not sufficiently small to be consistent with low-energy supersymmetry. Hence, for these models, supersymmetry is broken at a high scale and superpartner masses are far removed from the range which is currently accessible by experiment. However, they may well be of phenomenological interest if low-energy supersymmetry is not found.
Unfortunately, we have not been able to find a way to lift to dS minima. Neither de-aligning the D-terms nor adding perturbative or non-perturbative corrections to the scalar potential leads to a positive cosmological constant. We leave this as a problem for future work.
